The expression dynamics of interacting genes depends, in part, on the structure of regulatory networks. Genetic regulatory networks include an overrepresentation of subgraphs commonly known as network motifs. In this article, we demonstrate that gene copy number is an omnipresent parameter that can dramatically modify the dynamical function of network motifs. We consider positive feedback, bistable feedback, and toggle switch motifs and show that variation in gene copy number, on the order of a single or few copies, can lead to multiple orders of magnitude change in gene expression and, in some cases, switches in deterministic control. Further, small changes in gene copy number for a 3-gene motif with successive inhibition (the ''repressilator'') can lead to a qualitative switch in system behavior among oscillatory and equilibrium dynamics. In all cases, the qualitative change in expression is due to the nonlinear nature of transcriptional feedback in which duplicated motifs interact via common pools of transcription factors. We are able to implicitly determine the critical values of copy number which lead to qualitative shifts in system behavior. In some cases, we are able to solve for the sufficient condition for the existence of a bifurcation in terms of kinetic rates of transcription, translation, binding, and degradation. We discuss the relevance of our findings to ongoing efforts to link copy number variation with cell fate determination by viruses, dynamics of synthetic gene circuits, and constraints on evolutionary adaptation.
gene duplication ͉ gene regulation ͉ network motifs ͉ nonlinear dynamics C opy number variation (CNV) is an important and widespread component of within and between population genetic variation. The copy number of genes and gene fragments varies significantly over physiological to evolutionary time scales with multiple effects on phenotype. For example, CNV can cause statistically significant changes in concentrations of RNA associated with growth rate changes in bacteria (1, 2) and enzyme concentrations associated with nutrient intake in humans (3, 4) . The copy number of viral genomes undergoes dynamical changes during multiple infection of bacteria by phages, leading to qualitative changes in gene regulation that may lead to alternative modes of exploitation (5, 6) . The duplication of a gene can facilitate subsequent diversification-a mechanism considered to be a dominant cause of phenotypic innovation (7) (8) (9) (10) . In extreme cases, whole-genome duplications have led to lineage diversification within yeast (11) . In humans, large-scale deletions and duplications of chromosomes are known to cause severe genetic disorders (12, 13) and are imputed in the onset of other diseases including cancer (14, 15) . Finally, multiple studies have demonstrated that CNV in humans is far more extensive than previously believed, although its impact on phenotype is yet to be fully resolved (16) (17) (18) (19) (20) .
Despite its ubiquity, CNV has been nearly universally overlooked in quantitative models of gene regulation. In those cases where quantitative models of CNV have been developed, the primary focus has been on changes in the copy number itself, as in the case of plasmid maintenance (21) and dynamics of transposable elements (22) . In some instances, gene copy number is integrated into dynamic models of regulation to account for cell-to-cell variability of regulatory elements found on plasmids (23) . More commonly, recent studies have attempted to identify statistical relations between CNV and fitness (4), protein interactions (24) , or combinations of both (25) . To understand the progression from CNV to changes in phenotype to changes in fitness, it seems necessary to carefully examine gene regulation itself. The dynamics of a gene regulatory network depends on network topology, the quantitative nature of feedbacks and interactions between DNA, RNA and proteins, epigenetic modifications of regulatory elements, and the biochemical state of the intracellular and surrounding environment. Additionally, as we argue here, gene regulatory dynamics can also depend sensitively on the copy number of genes and promoters. For example, in synthetically designed networks, small changes in the copy number of gene regulatory modules have been shown to lead to qualitative changes in gene expression (26, 27) . In naturally occurring networks, there may be selection pressures on kinetic parameters such that normally occurring levels of copy number are far from or close to the critical threshold that would lead to a dramatic change in gene expression.
In this manuscript, we take a quantitative approach to assess when small changes in copy number can have a dramatic, nonlinear effect on gene expression. We study the effect of changing copy number within a series of small, regulatory networks commonly referred to as ''network motifs'' (28) . These motifs are network subgraphs shown to be building blocks of complex regulatory networks (29) . Increasing the number of motifs means that multiple networks are coupled together via a common pool of transcription factors. Changes in the number of promoter sites is directly linked to changes in the rate of regulated recruitment, which in turn leads to changes in translation and other transcriptional feedbacks (30) . We demonstrate that small changes in gene copy number within motifs exhibiting positive and/or negative feedback can switch the network from one alternative steady state to another and switch gene expression to and from an oscillatory state. Thus, changes in copy number may act as knobs within a nonlinear dynamical system in much the same way that changes in environmental conditions can drive expression from one steady state to another (29, 31) .
implicitly. Note that ᏺ is proportional to the total concentration of promoter sites, d, i.e., ᏺ ϭ d/C, where C Ϸ 10 Ϫ9 M is the conversion factor denoting the molar concentration of a single molecule in the volume of an Escherichia coli cell (29) . Hence, from the outset, it is evident that copy number can directly modify basic kinetic rates of transcription, binding, and unbinding and indirectly modify others. In the quasi-steady-state approximation (QSSA) version of all models (see Methods and supporting information (SI) Appendix), the rescaled translation rates are proportional to copy number. Likewise, changes in cell volume may also have global effects in changing gene expression. The estimates of other kinetic parameters are approximate. They are in range with experimental measurements and typical values for dimerization, binding, transcription, translation, and degradation in bacteria and viruses (29) (a list of all parameters used in numerical simulations can be found in SI Appendix). Note that we do not include degradation of dimers for the sake of analytical tractability, however, numerical tests including degradation of dimers do not qualitatively change any of the results. In presenting results, we emphasize how the steady-state gene expression changes as a function of ᏺ. In so doing, we use the term bifurcation to mean a qualitative change in steady-state gene expression (31, 32) . More information on the derivation of the QSSA and bifurcation conditions may be found in SI Appendix.
Positive Feedback. The positive feedback motif system consists of a single gene whose protein, when dimerized, enhances its own transcription and subsequent translation (see Fig. 1 A) . For this system, the monomer concentration is x, the basal mRNA transcription rate is ␣, but when dimers of the protein bind to the promoter site the transcription rate increases to ␤. The positive feedback motif has been analyzed in various ways (29, (33) (34) (35) , but the question we are considering here is different. What is the effect of changing the copy number (which in this case is equal to the number of motifs) on the steady-state behavior of the system?
In the positive feedback motif considered here, dimerization precedes regulated recruitment. When ᏺ is below some threshold, there will be insufficient concentration of dimers to enhance transcription. Thus, transcription will occur predominantly at basal levels. However, for copy numbers above some threshold the coupling between motifs will lead to enhanced transcription at activated levels. Hence, the steady-state gene expression will jump nonlinearly as a function of ᏺ. The effect of copy number on expression dynamics is depicted in Fig. 2 . Analytical predictions of a nonlinear jump in the steady-state gene expression are confirmed by numerical simulation (see Fig. 3A , where the threshold is ᏺ ϭ 3 for the parameters considered). This discontinuity in steady-state expression can be formally explained as Variables refer to concentrations of protein monomers (x), protein dimers (y), unoccupied and occupied promoters (d 0 and d1), and mRNA (m). Parameters Ϯ are the dimerization and dedimerization rates, kϮ are the binding and dissociation rates of the dimers to the promoter site, ␣ is the basal transcription rate, ␤ is the regulated transcription rate, is the translation rate, ␥m is the degradation rate of mRNA, ␥p and ␥i denote the degradation rate of proteins. The subscript i denotes the index of the promoter, monomer, or dimer in the motif. (C) The notation for the toggle switch is i ϭ 1,2, and, to simplify the index notation we assume that 2 ϩ 1 ϭ 1; that is, the index wraps back to 1 once it becomes Ͼ2. The variables and parameters have the same meaning as in the other cases except that d 0,i and di denote free and occupied promoters of the ith gene. (D) For the repressilator system, we again employ our ''wrapping'' notation, this time using the rule 3 ϩ 1 ϭ 1, so that when the index becomes Ͼ3 it wraps back to 1. Note that in the motif schematics in the first column, transcription and translation are denoted using a single dashed line.
being due to the presence of a series of saddle-node bifurcations in which an alternative stable state (with high gene expression) appears in the system and eventually dominates the original (low gene expression) state.
We cannot expect that all positive feedback motifs will lead to such a dramatic sensitivity to copy number variation. The condition under which the system exhibits dramatic sensitivity to CNV is very robust, ␤ Ͼ 9␣, and is derived in SI Appendix. Thus, so long as enhanced transcription is sufficiently greater than the basal transcription rate, changing the copy number may lead to a jump in the steady-state monomer concentration. The value of the copy number at which the dramatic change of expression occurs is a tunable feature, that will have important consequences for how the entire system responds to CNV. For example, the theoretical prediction of the critical threshold, ᏺ c may be too low (ᏺ c Ͻ 1) or too high (ᏺ c Ͼ Ͼ 1) to be of any biological relevance. In the former case, the system should always be dominated by activated transcription, and in the later case, the copy number may never reach a level where activated transcription is feasible.
Bistable Feedback. The bistable feedback motif consists of 2 genes whose protein monomer concentrations we denote by x 1 and x 2 , respectively (see Fig. 1B ). These 2 genes have overlapping promoters such that each bound dimer halts the transcription of the other gene and regulates its own. The basal transcription rates are ␣ 1,2 and the regulated transcription rates are ␤ 1,2 . Bistable feedback is characteristic of networks that involve switching between alternative gene expression states (29, 36) . Here, we are particularly interested in the case where one gene has higher basal transcription ␣ 2 Ͼ ␣ 1 but the other gene has higher regulated transcription ␤ 1 Ͼ ␤ 2 . These conditions are motivated by studies of the genetic switch that regulates the decision between lysis and lysogeny within bacteriophage (2, 6, 30, 37, 38) . Based on previous analysis of the case where ␤ 2 ϭ 0 (6), we expect that changes in ᏺ can lead to drastic changes in protein monomer concentrations. However, it is not immediately clear what kind of changes will occur. Will both concentrations jump up or only one of them? Will any of the concentrations drop? We answer these questions by determining the relation between ᏺ and the steady-state monomer concentrations (see SI Appendix). For the bistable motif, it is possible that, for small values of ᏺ, there is only one steady gene expression state, which is a stable node. As ᏺ increases, the system will enter a bistable region in which alternative stable states corresponding to dominance by either of the 2 genes is possible. Finally, as ᏺ increases even further, the system will have a different steady state, again a stable node. This implies that one gene will dominate at low ᏺ, and the other gene will dominate at high ᏺ. A graphical representation of the above observations can be obtained by The dashed line denotes the value of u such that the rate of basal transcription is equal to the rate of activated transcription, i.e., ␤ u 2 ϭ ␣ . Note that expression bias is on a log-scale and denotes the relative contribution of activated vs. basal transcription, e.g., when ϭ 1, activated transcription occurs at 10-times the rate of basal transcription. plotting ᏺ along the x axis and the ratio of the 2 concentrations, u 2 /u 1 , along the y axis. In this case, it is apparent that the ratio is large at the first stable node but drops down significantly at the second one (see Fig. 3B ). In biological terms, this means that the bistable feature of the network depends on copy number. For sufficiently low or high values of ᏺ, the coupled set of motifs will have deterministic outcomes. At low ᏺ, gene 2, with the higher basal transcription rate, will dominate, whereas at high ᏺ, gene 1, with the higher regulated transcription rate, will dominate.
Analysis of the steady-state behavior demonstrates that the above bifurcations occur when ␤ 1 Ͼ 9␣ 1 along with a second algebraic condition described in SI Appendix. The first condition implies that enhanced transcription must be at least 9 times as great as basal transcription in one of the genes. The second condition is more complicated and involves transcription rates and protein degradation rates-the condition is satisfied for a wide range of parameters (see SI Appendix). Thus, we obtain robust conditions for a copy number controlled genetic switch. The switch in abundance of regulatory proteins can lead to radically different phenotypic effects inside a cell or organism. For example, the fate of bacterial cells infected by multiple phages exhibit an acute sensitivity to changes in the multiplicity of infection (5, 6, 39) . In addition, the values at which bifurcations occur, the sharpness between alternative gene expression states, and other features are tunable by this copy number dependent effect.
Toggle Switch. The toggle switch motif consists of 2 genes with different promoters such that the product of one gene inhibits transcription of the other (40) . Here, we consider the general case in which each gene product dimerizes before binding and then partially inhibits transcription of the other, not completely. The basal transcription rates are ␣ 1,2 and the repressed transcription rates are ␤ 1,2 , where ␤ 1,2 Ͻ ␣ 1,2 . The schematics of this system is shown in Fig. 1C . The motifs we have analyzed thus far share a common feature: positive feedback loops. Moreover, we saw that the conditions that guarantee existence of essential bifurcations in the 2 motifs would not be satisfied without positive feedback. So, how does the copy number affect behavior of genetic networks with only negative regulation?
For the toggle switch motif, there is a single steady state for low values of the copy number. As ᏺ increases, 2 consecutive saddlenode bifurcations occur, first creating a new stable node and a saddle and then colliding the saddle with the old stable node. We also observe that the steady-state concentration ratio, u 2 /u 1 , is small before the first bifurcation and large after the second one (see Fig.  3C ). Biologically speaking this means that the dominant gene in a toggle switch can depend on the copy number of the motif.
Analysis of the steady-state expression shows that existence of the 2 bifurcations and the resulting jump in the ratio of the steady-state concentrations are quite robust with respect to the parameter values (see SI Appendix). Thus, even without positive feedback a genetic network may switch to a drastically different state as the copy number changes. Note that the toggle switch of Gardner and Collins (40) corresponds to the case of complete mutual halting of transcription (␤ i ϭ 0). The Gardner and Collins switch exhibits behavior significantly different from the case ␤ i Ͼ 0 (analysis not shown). Although at small values of ᏺ there is still a single stable node, increasing the copy number will lead to only one saddle-node bifurcation. At larger copy number, 2 gene expression states are possible, corresponding to dominance by either gene respectively. Hence, increasing copy number leads to bistable behavior, in which steady-state outcomes depend on initial conditions and the strength of stochastic effects.
Repressilator. The repressilator motif consists of 3 genes with a circular network structure such that gene 1 represses gene 2, gene 2 represses gene 3, and gene 3 represses gene 1 (see Fig. 1D ) (41) . Unlike the previous motifs, it is known that the repressilator can exhibit sustained oscillations. The corresponding stable limit cycle emerges from a stable node via a supercritical Hopf bifurcation (32, 33, 41) . What we are interested in is whether changes in copy number can switch the system between a single steady state and sustained oscillations.
In the repressilator motif, as before, we consider the situation where dimerization precedes binding to promoters. As we show in SI Appendix, the above system has a single symmetric steady state where each of the 3 protein concentrations are at identical levels. Analysis of this steady state reveals that a Hopf bifurcation occurs when the copy number passes a critical threshold. A numerical simulation, shown in Fig. 4 , confirms the above finding. Biologically speaking, when copy number is low, the circular series of transcriptional feedbacks is insufficient to allow dominance by a single gene in time. Increases in copy number allow a single gene to dominate for a short period, followed by the rise of its inhibitor and so on. Thus, at sufficiently large copy number, the repressilator can exhibit oscillatory behavior. Copy number itself acts as a proxy for the degree of coupling in this system. We should keep in mind, however, that the estimate of the bifurcation point where the switch from steady to oscillatory behavior occurs is, in fact, a rather crude one deriving from the use of the QSSA. Nevertheless, it does demonstrate that changing the copy number can both drive a genetic network to a different state and make it oscillate and that the threshold of oscillations is a tunable quantity. 
Discussion
We have demonstrated that copy number is a key control parameter in the expression dynamics of simple network motifs. Changing the copy number can make a network switch to an entirely different equilibrium gene expression state and move it to and from an oscillating regime. Our results stand in contrast to previous assertions that target gene expression is proportional to gene copy number (42, 43) . Gene expression can be nonlinearly related to gene copy number because of feedbacks found in even the simplest of network motifs. Such nonlinearities are found even when the balance among gene components is maintained. Although not every small-scale CNV will lead to largescale changes in gene expression, we have found a set of principles to understand when such a link may occur. In the cases of positive feedback, bistable feedback, and toggle switch motifs, we are able to find general conditions for the presence of qualitative sensitivity to copy number. In more technical terms, we have solved for the sufficient conditions for the existence of saddle-node bifurcations within a set of nonlinear dynamical systems. This has dramatic consequences for systematic analysis of the emergence and maintenance of CNV.
Importantly, our findings hold despite significant variation in parameter values associated with the molecular details of regulated recruitment (see SI Appendix). Thus, sensitivity of motifs to CNV may apply to a broad range of cellular contexts. The robustness of genetic regulatory networks to noise (44, 45) and gene duplication (46, 47) have been highlighted. Our findings suggest that there are limits to robustness, particularly with respect to gene duplication. The bifurcation conditions we derived for each motif provide guidance as to the range of kinetic parameters in which network fragility may be expected.
There are many challenges remaining in the study of the link between CNV and phenotypic effects. The networks we have considered are small components of complex gene regulatory networks. It remains an open question whether and to what extent these results scale up to larger, more complex networks (23, 29, 48) . For example, how have actual networks evolved with respect to the critical values of copy number which can lead to qualitative shifts in system behavior? Although we have studied the effect of varying the copy number of motifs, it is worthwhile to examine the effects of copy number imbalances in complex motifs. Note that, in this article, we have assumed fully coupled network motifs, whereas the dynamics of intracellular transport of regulatory elements is certainly more complex (38, 49) . There are a number of areas where we believe further examination is likely to yield successes in applying the theory presented here: host-phage dynamics, synthetic biology, and evolution via gene duplication. We discuss each of these areas below.
First, in the case of host-phage dynamics, there may be selection pressure favoring sensitivity to copy number, as in the case of temperate viruses whose exploitation strategy depends on the multiplicity of infection (5, 39) . In ref. 6 , we demonstrated that the number of phage DNA copies inside a bacterial cell has a dynamical effect on the decision making circuit of bacteriophage . Hence, coinfecting phages can in principle make collective decisions about a cell's fate. A small number of viruses can direct regulatory machinery toward lysis, whereas the coinfection of a single host by many viruses leads to a latent infection. Different phages differ in their response to coinfection, and so the response to coupling decision modules is likely to be an evolvable feature of phages' life histories. An alternative hypothesis for the link between cell fate and multiple infection is that each injected phage genome experiences a distinct microenvironment (38) . Even in such a case, coordination of phage response depends on synchronization of decision modules, although perhaps on different time scales.
Next, of relevance to synthetic biology, CNV may alter dynamics of gene regulatory networks that have been engineered de novo or modified to acquire new functions (50) . Here, we briefly discuss two experimental studies in which qualitative changes in gene expression were observed in synthetic networks as a consequence of small scale changes in the copy number of gene regulatory components. In one case, an E. coli gene regulatory circuit was designed to exhibit both sustained oscillations and toggle switch behavior (26) . The copy number of a key activator module in the circuit (controlled by the glnAp2 promoter) was increased by inserting it closer to the origin of replication. Comparison of gene expression showed a 20% decrease in the degree of damping of oscillations when the activator was located near the origin as opposed to near the terminus. In another case, a reengineered budding yeast pheromone response pathway was designed to exhibit bistable response to pheromone induction (27) . Bistability depended sensitively on the number of positive feedback modules inserted into the yeast cells. A minimum of 3 tandem copies of the P FUS1J1 ϪSTE11⌬N construct was necessary for a sustained positive feedback response, whereas 1 or 2 copies did not lead to a sustained response. Although these are only two examples, they both suggest that experimental studies of the sensitivity of small genetic circuits to CNV may be necessary if regulatory motifs are to be used as reliable building blocks of more complex networks (23) .
Finally, gene duplication is considered to be a major factor in the evolution of novel phenotypes. According to the theory of neofunctionalization, duplicated genes are initially redundant, and, on occasion, one of a duplicate pair may diverge to perform some new function (8) . In fact, the number of retained gene duplicate pairs is unexpectedly high, with extensive experimental evidence that duplicate genes retain functional compensation over long periods of time (4, 51, 52). Duplicated genes or motifs may not be strictly redundant, even initially. The evolution of network motifs subsequent to duplication may depend on global network context (24) . In the current theoretical framework, it is apparent that an extra copy of a gene or motif caused by a duplication event can lead to a shift in expression past some functional threshold. Thus, a new feature could emerge immediately, augmenting or modifying previous function. The possibility that duplicated genes are not redundant is supported by a number of evolutionary studies (25, 53) . This is not to say that large-scale gene expression given a gene duplication event must be the norm. To the contrary, if the effect of an extra copy was somehow buffered, then the present dynamical framework of gene regulation would be consistent with a model of evolution via neofunctionalization.
These three biological examples reflect a small fraction of ongoing research by scientists from many disciplines to understand how CNV impacts a broad range of biological phenomena. Although our treatment of gene regulation is closest to the mechanisms of regulated recruitment within bacteria and viruses, we envision that a copy number effect may be present from viruses to higher eukaryotes. This effect may have as its hallmark, a dramatic change in gene expression given a small change in copy number. Even if such a dramatic change represents the exception in gene regulatory networks, when such a change does occur it may have exceptional implications in modifying biological function. Whether in the case of genomic structural variation in humans or bacteriophage infections, variation in copy number is ubiquitous. At minimum, we hope to have provided some first steps toward constructing quantitative models of regulated recruitment that take into account CNV.
Methods
Modeling Framework. There are four steps involved in our quantitative approach to linking copy number variation with gene expression dynamics: (step 1) Define the molecular processes involved in the gene regulatory network motif; (step 2) convert motif into a mathematical language of gene regulatory dynamics; (step 3) simplify the mathematical model, using a series of quasisteady-state approximations (QSSAs) (33); (step 4) solve for the steady-state gene expression as a function of copy number. A schematic of steps 1-3 can be found in Fig. 1 . For each network motif, we model the following molecular processes: transcription of mRNA, translation of mRNA into proteins, dimerization of monomers into dimers, dedimerization, binding of dimers to promoters upstream of genes, unbinding of dimers from promoters, degradation of mRNA, and degradation of proteins. Each of these processes is assumed to obey simple mass-action kinetics with corresponding kinetic rates such that any particular network motif can easily be transformed, in step 2, into a nonlinear dynamical system (29) . In step 3, concentrations within the QSSA model are described in terms of the slowly varying monomer concentration. Importantly, the QSSA model retains the equilibrium values of the original model and is analytically tractable. In step 4, we are able to find the copy number dependence of gene expression via analysis of the QSSA model confirmed by computer simulation (see SI Appendix).
where x and y are the concentrations of protein monomers and dimers, respectively, d 0 and d 1 are the concentrations of unoccupied and occupied promoters, respectively, and m is the mRNA concentration. Parameters κ ± denote the dimerization and de-dimerization rates, k ± are the binding and dissociation rates of the dimers to the promoter site, σ is the translation rate, γ m is the degradation rate of mRNA, γ p is the degradation rate of monomers, α is the basal transcription rate, and β is the activated transcription rate. We ignore the degradation of dimers for the sake of analytic tractability.
To understand how the steady state behavior of the above system depends on copy number we shall derive a relation between N and the steady state monomer concentration. First, we use a quasi-steady state approximation to obtain a protein only analogue of the system. Note that translation of proteins is much slower than dimerization and binding. It is also slower than mRNA transcription. Therefore, we may simplify the full system by assuming that the fast variables are always at their steady states. Setting the corresponding derivatives (that is, derivatives of all the variables except x) to zero we obtain the following set of equations:
1 Solving this system we find that
where
and the total concentration of promoter sites is
Substituting these expressions into Equation (1) and recalling that d = N C we obtain the following protein only analogue of the original system:ẋ
Here, we do not make use of the dynamical prefactors introduced in [ 
γmγp , τ = γ p t, and denoting derivative with respect to τ by a prime we get
The relation between N and the (rescaled) steady state monomer concentration, which we denote byū, is obtained by setting the left hand side of Equation (15) to zero. We find that
Real non-negative solutions to the above equation are biologically relevant steady states of Equation (15) . Regarding N as a function ofū, such solutions are precisely the intersections of horizontal lines N = const with the graph of the function. Notice also that Equation (16) is equivalent to a cubic equation and therefore can have one or three real non-negative roots, depending on the parameters. Thus, we can expect that changing copy number, N , may lead to a transition from one to three (or vice-verse) steady states. Such a transition occurs through a saddle-node bifurcation, and the values of N when it happens can be found as solutions to the equation
Since the denominator is always greater than zero, we get the following bi-quadratic equation:ū
where a =α
Solving forū 2 we find
Since we are interested in simple real roots we need the right hand side to be real and positive. Therefore, we need
Remembering that a > 0, the solution to these inequalities is given by a < 1 9 , or equivalently β > 9α. Thus, if this condition is satisfied then there will be two saddle-node bifurcations at
whereū
Equation (16) has only one real positive root for very small or very large N . Also, the derivative ∂N ∂ū is positive forū ∈ (0,ū − ) ∪ (ū + , ∞) and negative for u ∈ (ū − ,ū + ). Thus, the system has a single steady state, which is a stable node, for N ∈ (0, N − ) ∪ (N + , ∞) and three steady states, two stable nodes and a saddle, for N ∈ (N − , N + ).
Bistable Feedback
The mathematical model of the bistable feedback motif is given by the following system:ẋ
where i = 1, 2, x i and y i are the concentrations of monomers and dimers, respectively, d 0 is the concentration of unoccupied promoters, d i are the concentrations of promoters occupied by the first and the second proteins, and m i are the mRNA concentrations. Parameters α i and β i , are the basal and enhanced/suppressed transcription rates and γ i are the monomer degradation rates. The rest of the parameters have the same meaning as in SI Appendix -Positive Feedback.
Following the steps described in SI Appendix -Positive Feedback, we now derive a relation between the steady state monomer concentrations and copy number. First, we obtain a protein only analogue of System (24)- (28) by setting derivatives of all the variables except x 1 and x 2 to zero. Solving the resulting system of algebraic equations we find
The protein only analogue is obtained by substituting these expressions into Equations (24):
where we also used the fact that d = N C. Steady states of this simplified system, which we denote byx i , completely determine steady states of the original system via Equations (29) 
This system is equivalent to 
After a detailed analysis of the above relation (in prep.) we find that if 
then the system undergoes at least two consecutive saddle-node bifurcations as we change copy number. Moreover, if
then only two bifurcations can happen for reasonably small values of N .
Toggle Switch
We model the dynamics of the toggle switch motif with the following system of differential equations:
